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Abstract 

In the bootstrap percolation model, sites in an L by L square 
are initially infected independently with probability p. At subsequent 
steps, a healthy site becomes infected if it has at least 2 infected 
neighbours. As {L,p) (oo,0), the probability that the entire square 
is eventually infected is known to undergo a phase transition in the 
parameter plogL, occurring asymptotically at A = vr^/lS [14J. We 
prove that the discrepancy between the critical parameter and its limit 
A is at least il((log L)~^/'^). In contrast, the critical window has width 
only G((log L)^^). For the so-called modified model, we prove rigorous 
explicit bounds which imply for example that the relative discrepancy 
is at least 1% even when L = 10^'^''''. Our results shed some light on the 
observed differences between simulations and rigorous asymptotics. f 



1 Introduction 

The standard bootstrap percolation model on the square lattice is 
defined as follows. For any set K (^1? we define 

B{K) ■=Ku{xeI? -.i^iyeK : \\x - = 1} > 2}, 
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and 

{K) := lim B\K), 

where denotes the t-th iterate of the function B. The set (K) is the final 
set of infected sites if we start with K infected. 

Now fix p e (0, 1) and let be a random subset of in which each 
site is included independently with probability p; more formally let P = Pp 
be the product measure with parameter p on Q = {0, 1}^ , and define the 
random variable W = W{u!) := {x G : uj{x) = 1} for u ^ Q. We say that 
a set -f^ C Z^ is internally spanned if (KCiW) = K. For L >1 denote the 
square R{L) :={!,..., L}^ C 1?. The main object of interest is the function 

I{L) = I{L,p) := Pp(_R(L) is internally spanned). 

A central result is the following from 



Theorem (phase transition, [14] ) Consider the standard bootstrap perco- 
lation model. As L oo and p —>■ simultaneously we have 

if lim inf p log L > A then I{L,p) ^ 1; 
if lim sup p log L < A then I(L,p)^0, ^ ' 

where A := 7r^/18. 

Surprisingly, predictions for the asymptotic threshold A based on simula- 
tion differ greatly from the rigorous result. For example, in [2j the estimate 
A = 0.245 ± 0.015 is reported (based on simulation of squares up to size 
L = 28800), whereas in fact A = 7rVl8 = 0.548311 ■ ■ •. This apparent dis- 
crepancy between theory and experiment has been investigated using partly 
non-rigorous methods in [8l[9|,[T8]. Our aim is to provide some rigorous under- 
standing of the phenomenon. Our main result is the following strengthening 
of the first assertion in ([1]). 

Theorem 1 (slow convergence) Consider the standard bootstrap percola- 
tion model. There exists c > such that, if L ^ oo andp simultaneously 
in such a way that 

plogL > A - — -, 

VlogL 

where A = vr^/18, then 

I{L,p)-.l. 
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(The condition in Theorem [T] may be equivalently expressed as p log L > 
A — c'^/p, for a different constant c'). Thus, the convergence of the critical 
value of the parameter p log L to its limit A is very slow, with an asymptotic 
discrepancy of at least c/ y/(logL). (In order to halve the latter quantity, L 
must be raised to the 4th power). 

On the other hand, the window over which / changes from near to near 
1 is much smaller - roughly constant/ log L. The precise statement depends 
on whether we vary p or L, as follows. 

For fixed L, and a G (0, 1), define Pa = Pa{L) := sup{p : I{L,p) < a}. 
Since I{L,p) is continuous and strictly increasing in p, we have that pa is the 
unique value such that I{L,pa) = a. The following was proved in [S] using 
a general result from 

Theorem (p- window, [5]) Consider the standard bootstrap percolation 
model. For any fixed e G (0, 1), we have 

pi-e logL -pJogL = (^ ^"i^g^^ ^ = Q(Pi/2 logPr/2) asL^oo. (2) 

More precise estimates on the size of the window are available if we instead 
vary L. An upper bound was proved in [3]. Here we use similar methods 
to obtain matching upper and lower bounds. Since I{L,p) is not necessarily 
monotone in L, we define for fixed p and a G (0, 1): = L^{p) '■= min{L : 
I{L,p) > a} and La = La{p) := max{L : I{L,p) < a}. Thus the interval 
[L^, contains all those L for which I{L,p) G [e, 1 — e]. 

Theorem 2 (L-window) Consider the standard bootstrap percolation 
model. For any fixed e G (0, 1/5), we have 

plogLi_, -plogL^ = Q{p) = Q(l/\ogLi/2^ asp-^0. 
Indeed, for p sufficiently small we have 

plogLi_e -plogL^ G [C_J9,C+p], 
where C± = C±{e) = (1/2 ± o(l)) loge~^ ase^O. 

The modified bootstrap percolation model is a variant of the stan- 
dard model in which we replace the update rule B with 

Bm{K) := K U {x e Z"^ : {x + ei,x - ei} n K (/} for each of z = 1, 2} 
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(here ei := (1, 0) and 62 := (0, 1) are the standard basis vectors), and define 
{■)m, internally spanned, and Im{L,p) accordingly. 

Theorem ([14j) For the modified bootstrap percolation model, ([T]) holds with 
threshold \m '■= vr^/G. 

Theorem 3 Theorem IE OLnd hold also for the modified model. 

In the case of Theorem [1] we establish the following stronger version with 
an explicit error bound. 

Theorem 4 (explicit bound) For the modified model, if p < 1/10 and 

p\ogL> Am -^/2^ + £ip), then Im{L,p) > 1/2, 
where Xm = if^/G and £{p) := l.^p\ogp~^ + 2p. 
One may deduce rigorous numerical bounds such as the following. 

Corollary 5 Consider the modified model. We have pi/2logL < 0.98 Am 
when L = 10^°°, and pi/2 logL < 0.99 Am when L = 10^°°°. 

Proof. Take respectively p = 0.0014 and p = 0.0002356 in Theorem H □ 
Remarks 

Aside from their mathematical interest, bootstrap percolation models have 
been applied to a variety of physical problems (see e.g. [1]), and as tools in 
the study of other models (e.g. [3 HOl [12]). 

Several interesting attempts have been made to understand the discrep- 
ancy between simulation results (e.g. those of [2]) and the rigorous results in 
[H]; see e.g. [H [HI [H [18]. The present work is believed to be the first fully 
rigorous progress in this direction. In |18j it is estimated that pi/2 logL may 
become close to A = 7r^/18 only beyond about L = 10^*^ (the data given in 
^ support a similar conclusion). Current simulations extend only to about 
L = 10^. A length scale of about L = 10^° is relevant to some physical 
applications. Thus it is important to understand this issue in more detail. 

In particular, it would be of interest to determine the asymptotic be- 
haviour of (say) A — pi/2logL as L — > 00. Theorem [1] gives only a lower 
bound of fi((logL)~^/^). In p3| simulation data is fitted to pi/2\ogL = 
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7r^/18 — 0.45(logL)~°-^. In [5], computer calculations together with a heuris- 
tic argument lead to the estimate pi/2 log L = vr^/ 6 — 3.67(log for the 
modified model. 

The phenomenon of a critical window whose width is asymptotically much 
smaller than its distance from a limiting value has been proved in other 
settings including integer partitioning problems [B], but contrasts with more 
familiar models such as random graphs |17j . 

Outline of Proofs 

The idea behind the phase transition result ([1]) from [H] is as follows. We 
expect the square R{L) to be internally spanned if and only if it contains at 
least one internally spanned square of side B ^ 1/p, since with high proba- 
bility this will grow indefinitely in the presence of a random background of 
density p. Such a square is sometimes called a nucleation centre or critical 
droplet. Therefore the critical regime should be roughly at L'^I{B) ^ 1, 
i.e. logL ^ (— log/(i?))/2, and we need to estimate I{B). First consider 
the modified model. One way for R{B) to be internally spanned is for ev- 
ery square with its bottom left corner at (1, 1) to have at least one adja- 
cent occupied site on each its top and right faces - then every such square 
will be internally spanned (we can think of an infected square growing from 
-R(l) to R{B)). A straightforward computation shows that the probability 
of this event is approximately exp[— 2Am/p] where Am = 7r^/6. This argu- 
ment proves the first inequality in ([T]) for the modified model. (The second 
inequahty requires a much more delicate argument - see [E]). 

In order to prove the slow convergence result for the modified model, 
Theorem |H we consider other ways for a square to be internally spanned. 
One way is for every site along the main diagonal to be occupied. For a square 
of size A < p^^^, the latter event has higher probability than the event in the 
previous paragraph, because the probability of growing by one additional row 
and column is p versus about {ApY. Therefore let A = p~^/^/2, and suppose 
R{A) is internally spanned by this mechanism, while each square from R{A) 
to R{B) has occupied sites on its faces as before. By comparing the two 
growth mechanisms, we see that, compared with the previous argument, 
this increases the lower bound on I{B) by a factor of least [p/(^p)^]'^ = 
exp[Cp~^/^]. This argument therefore proves the analogue of Theorem [T] for 
the modified model. Theorem H] is proved by a refinement of these ideas (see 
in particular Lemmas [T5] and [T71) . The coefficient a/2 of i/p seems to be the 
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best that can be achieved by this method. 

The above argument cannot work for the standard bootstrap percolation 
model. This is because an internally spanned square can grow from a face 
whenever there is an occupied site within distance 2. Thus, each additional 
occupied site can allow growth by two rows or two columns, so we do not 
achieve sufficient saving by considering occupied sites along the diagonal. 
Instead we consider another mechanism. Rather than a growing square, we 
consider a growing rectangle which may change shape when it encounters 
vacant rows or columns. (Figure [1] illustrates the main idea). We may de- 
scribe such growth by means of the path traced by the rectangle's top right 
corner. As noted in [H], the probability of such a growth path becomes 
much smaller if it deviates far from the main diagonal (which corresponds to 
a growing square). However, it turns out that if the deviations are of scale 
only then the "entropy factor" (the number of possible deviations) out- 
weighs the "energy cost" (the reduction in probability for each path). This 
argument yields Theorem [TJ 

Notation 

The following notation will be used throughout. For integers a, b, c, d we 
denote the rectangle (a, b; c, d) := ([a, c] x [b, d]) fl Z^, and we write for con- 
venience R{m,n) = R{l,l;m,n) and R{n) = R{n,n). The long side of a 
rectangle is long(i?(a, 6; c, d)) = max{c — a + l,d — b + 1}. A copy of a set 
K ^ 7? is an image under an isometry oil? . A site x E 7? is occupied if 
X G W . A set of sites is vacant if it contains no occupied site. 
It will sometimes be convenient to denote 

q = q(p) ■= _log(l -p), 

and 

f{z) :=-log(l-e-^), 

so that for any K dJ?, 

Vp{K is not vacant) = 1 - (1 - p)l^'l = exp -f{\K\q). 

Note that q > p, and g ~ p as p ^ 0. The function / is positive, decreasing, 
and convex on (0, oo). 

In Section [3] we will also have occasion to consider the functions 

Pin) := ^ + ^^^^^ ^ and ^(z) := - log/3(l - e"^). 
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The thresholds A, Xm arise from the integrals 



^2 .00 ^2 



/ = Am = y and / ^ = A = — (3) 



fsee IT 



2 Critical Window 

In this section we present a proof of Theorem [21 together with the extension 
to the modified model claimed in Theorem [31 The following lemma from [3] 
is useful. 

Lemma 6 Let R be a rectangle, and consider the standard or modified model. 
If R is internally spanned then for every positive integer k < long(i?) there 
exists an internally spanned rectangle T ^ R with long(T) G [k,2k]. 

Proof. See [3]. □ 

Lemma 7 (comparison) Consider the standard or modified model. For 
integers L > £ > 2 and any p G (0, 1) we have 

(i) 

/(L) > (1 - e-^('^)(l-0') (1 - 2L^e-P') ; 

(l-2£V-(^/-^))/(L)</(£)(^y. 

Proof of Lemma [7](i). Let m = [L/i\, and consider the disjoint 
squares 

Sk = R{i) + ki, k e {0,...,m-lY. 

Let E be the event that at least one of the Sk is internally spanned, and 
let F be the event that every copy of R{l,i) in R{L) is non-vacant. It is 
straightforward to see that if E and F both occur then R{L) is internally 
spanned. Hence using the Harris-FKG inequality (see e.g. [I3]), 

I{L) > F{E)¥{F) > (1 - (1 - (1 - 2L\1 - p)^) 

>(^l_e-^w(l-i)') {l-2L'e-^'). 

□ 
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Proof of Lemma [7](ii). Let s = [i/2\ and m = [L/s\, and consider the 
overlapping squares 

Sk = R{i) + ks A{L-£,L-e), ke{0,...,m- 

where A denotes coordinate- wise minimum. Note that IJfc ~ and 
that the overlap between two adjacent squares has width at least s. It follows 
that any rectangle T C R{L) with long(r) < s lies entirely within one of the 
Sk- Hence, using Lemma [6], 

/(L) < P (3 i.s. T C R{L) with long(r) G [Lf J > ^] ) 
<p[|J{3i.s. with long(T)G [LfJ^^]} 

k 

< m2p(3 i.s. T C R{i) with long(T) G [LfJ.^])- (4) 

On the other hand, considering the event that every copy of R{1, [|J) in 
R{£) contains at least one occupied site, and using the argument from the 
proof of part (i), we have 

/(£)>P(3 i.s. TCR{£) with long(T) G [[f J , s] ) (l - 2£Vp') . 

Combining this with (jl]) yields the result. □ 

Proof of Theorem [21 It follows from that for any a e (0, 1) we have 

p\ogLa{p) , p\ogL^{p) — » A as p ^ 0. (5) 

Therefore, once the first equality is proved, the second follows immediately. 
To prove the first equality we will use Lemma [7] to derive upper and lower 
bounds onplogLi_e — plogL^. 

For the upper bound, we fix e and use Lemma [7](i) with L = Li^^{p) 
and £ = L^{p), noting that I{L,p) < 1 — e and I{£,p) > e. By ([5]), for p 
sufficiently small (depending on e) we have 1 — 2L^e^'''^ > 1 — e^, so we obtain 
for p sufficiently small: 

l-e> (l-e"^(t^')')(l-e2). 

Rearranging gives 
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hence 

plogLi_e -plogL, < C+p, 

where C+ = log (l + a/ log(e~i + 1) ) satisfies C+ < oo for all e > and 
C+< (| + o(l))loge-i ase^O. 

For the lower bound, we fix e and use Lemma [7(ii) with L = Li_^{p) + 1 
and ^ = L^{p) — noting that I{L,p) > 1 — e and I{i,p) < e. By ([S]), we 
have 2£^e~^*-^/'^"^'' = o(l) as p ^ 0, so we obtain: 

(i-o(i))a-.).<fa^r. 

Rearranging gives 

Ll-e + 1 ^ / (1-6)(1-0(1))" 

x^- V — 4^ — ' 

as p — 0. For p sufficiently small we obtain 

plogLi_e -plogL^ > C_p, 

for any C_(e) < log — e)/(4e). Thus we may take C_ > for all e < 1/5, 
andC_ > (i-o(l))loge-i ase-^0. □ 



3 Slow Convergence 

The main step in proving Theorem [1] will be the following. 

Proposition 8 (nucleation centres) Consider the standard bootstrap per- 
colation model. There exist po > and c G (0, oo) such that, for all p < po 
and B > 2p-\ 

/(5,p)>exp[-2A/p + c/v/p], 

where A = vr^/lS. 

Proof of Theorem [TJ First suppose that {L,p) (oo, 0) in such a way 
that for some ci, 

plogL > A — ci/v^logL. 
Then for L sufficiently large we have in particular plogL > A/2, hence 

plogL > A - csVp, (6) 
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where C2 = 2ci/A. 

Therefore it is enough to prove that for some C2 > 0, if {L,p) (00, 0) 
satisfy ([6]) then I{L,p) — > 1. Furthermore, we may assume that we have 
equahty in ([6]), since if not we may find (for p sufficiently small) p' < p such 
that p'logL = A — C2\/p', and then I{L,p) > I{L,p') 1. Therefore let 

L = exp \lp — C2l\lp and B= [p"'^]. 
Using Lemma [Tl^i), 

/(L) > (1 - e-'(^)(i-0') (1 - 2L2e~P^) . (7) 

Proposition [8] and the above definition of L easily imply L'^e~^^ — * as 
p — > 0, while 



log 



I{B){L/B-lf < -2\/p + c/^p + 2{\/p~C2/^p)+0{\ogp-^)^Q 



as p — s> provided 2c2 > c. Then ([7]) gives I{L,p) — > 1 as required. 



□ 



In order to prove Proposition [8] we consider various ways for R{B) to be 
internally spanned. The simplest way involves symmetric growth starting 
from a corner. We say that a sequence of events Ai, A2, . . . , has a double 
gap if there is a consecutive pair Ai, Aj+i neither of which occur. For integers 
2 < a < 6, let be the event that: 

{R{l,i; i — 2,i) is not vacant} ^ has no double gaps, and 

{R{i, 1; i,i — 2) is not vacant}^^^^^ ^ has no double gaps. 

See Figure [U^i). Note that if R{a) is internally spanned, and occurs, then 
R{s,t) is internally spanned for some s,t E {b — 1,6}. Indeed, it is easily 
seen that we may find a sequence of internally spanned rectangles R{i,j) 
with \i — j\ < 2, starting with R{a) and ending with R{s,t), with the width 
or the height increasing by 1 or 2 at each step. 
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Figure 1: Two possible mechanisms for growth from R{d) to (i) The 

event T>\: no two consecutive strips are vacant, (ii) The event J^: the gray 
strips are non- vacant, the hatched region is vacant, the black site is occu- 
pied, and the horizontal/vertical arrows indicate no two consecutive vacant 
columns/rows respectively. 



We will also consider the following alternative growth mechanism. For 
positive integers a < 6 — 4, let be the event that: 

a + 1; a — 1, a + 1) is not vacant, 
R{a + 1,1; a + 1, a — 1) is not vacant, 
1; a + 1) is not vacant }j=a+2,...,;,-.i has no double gaps, 
(6, 1; 6, a + 1) is not vacant, 
i?(l, a + 2; 6 — 1, a + 3) is vacant, 
(6, a + 3) is occupied, 
{-R(l,z; b,i) is not vacant}i=a+4^...^{,_i has no double gaps, and 
R{l,b; b,b) is not vacant. 

See Figure [U^ii). Note again that if R{a) is internally spanned and J'^ occurs 
then R{b) is internally spanned. In this case, vertical growth is stopped 
by the two vacant rows, and there is a sequence of horizontally growing 
internally spanned rectangles, followed by vertical growth after the occupied 
site (6, a + 3) is encountered. 
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Now fix a positive integer B. For positive integers (aj, &i)i=i,...,m satisfying 
2 < Oi < 61 < 02 < ■ ■ • < &m ^ -B and — < 4 \fi, define the event 

m m— 1 

£:(ai, 61, ... , a^, 6^) := n ( fj j^;) n ( fj n vj^-' 

i=l 1=1 

n |(1,1),(2,2),(5, 1),(1,5) are occupiedj. 

Lemma 9 (properties of S) 

(i) T/ie various events appearing in the above definition of S{ai, . . . , bm) 
are independent. 

(ii) If S{ai, . . . , bm) occurs then R{B) is internally spanned. 

(iii) For different choices of ai, . . . ,bm, the events S{ai, . . . , bm) are dis- 
joint. 

Proof. Property (i) is clear from the definitions of the T> and events. 
Property (ii) follows from the earlier remarks on these events: indeed the 
squares -R(2), R{bi), . . . , R{bm), R{B) are all internally spanned. To see (iii), 
fix a configuration and consider examining in sequence the rows R{1, i; i) 
for i = 3,4,5, .. .. The presence of two consecutive vacant rows signals an 
event J'^, and determines the value of a, and then if we follow the upper 
vacant row to the right until an occupied site is encountered, we discover the 
corresponding value of b. □ 

We will obtain a lower bound on the probability R{B) is internally spann- 
ed by bounding the probability of each event S (for certain choices of the 
ai,bi), and bounding the number of possible choices. 

We start by estimating the probability of P^, for which we need the 
following slight refinement of a result from [H] (see ^ for a much more 
precise result in the same direction). Recall the function /3 defined in the 
introduction. 

Proposition 10 (double gaps) For independent events Ai,. . . ,Ak whose 
probabilities Ui := F{Ai) form an increasing or decreasing sequence, the prob- 
ability that there are no double gaps is at least Y['i=i Pi'^i) ■ 

Lemma 11 For < u < v < 1 we have u(3{v) + (1 — u)v > f3{u)j3{v). 
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Proof. The function h{u,v) := ujSiy) + (1 — u)v — I3{u)[3{v) satisfies 
h{v,v) = 0, so it suffices to show that h is decreasing in m for -u < v. But 
we have dh/du = l3{v) —v — (3'{u)(3{v) < 0, by the elementary computations 

> f3\v) > {p{v) - v)/l3{v). □ 

Proof of Proposition [TOl Without loss of generality suppose the 
probabilities Ui are decreasing. Let be the probability that the sequence 
Ai, . . . , y4fc has no double gaps. Then = 1, and by conditioning 

on the last two events we obtain = Uka^-i + (1 — Uk)uk-iak-2- The 
result follows by induction, using Lemma [TT] thus: ak > [ukl3{uk-i) + (1 — 

Recall the function g from the introduction, and write for a < b, 



Lemma 12 (diagonal growth) 

Proof. Immediate from Proposition [TU] and the definitions of and g. 

□ 

Next we estimate the relative cost of a JT-event. 

Lemma 13 (deviation cost) Fix positive constants c_ < c+. For any p G 

(0, 1/2) and a <b — 4 satisfying a,b E [c-/p, c^/p], we have 



9d. > rrn^-C'p(b-af 



fr,>Gpe 



where C, C G (0, oo) depend only on c±. 

Proof. From the definition of and Proposition [TU] we obtain 

^M) > [1 - (1 - pT]\1 - Vf'v exp [ - (6 - a)g{aq) - {b - a)g{bq)\ . 

Note that g is decreasing, and that (1 — pY is bounded away from and 1 
for k G [c_/p, c+/p], so we deduce 

Pp( J,') > Gp exp [ - 2(6 - a)g{aq)\ . (8) 
13 



Also we have 

iGt\r = exp [ - 2 EtLi 9{^q)] < exp [ - 2(6 - a)gibq)] . (9) 

Now g{aq) —g{hq) < {hq — aq) ni&yiz(z[aqfiq] \g'{z)\, but the ratio q/pis bounded 
for p < 1/2, hence g' is uniformly bounded over the relevant interval, and we 
obtain g{aq) — g{hq) < C'{h — a)p. Therefore dividing ([H]) by ([2]) gives the 
result. □ 

Proof of Proposition [SI Let m = [Mp"^/^J, where M < 1/4 is a 
constant to be chosen later. Suppose integers (a^, 6i)i=i,...,m and B satisfy: 

p~^ <ai<bi<a2<--- <bm< 2p-^ < B , . 

Let C, C be the constants from Lemma [13] corresponding to c_ = 1 and 
c+ = 2. Then from the definition of the event £ together with Lemmas [21(1), 
WI\ and [12] we obtain: 

P4^(a„...,M] >v'[Cpe-^'^^^~'''^T^M-^T^=.'9m 

=p\c"pr{Gfr (11) 

for C" a fixed constant. Now since mp^^^"^ < p^^/A, the number of possible 
choices of (a^, 6j)j=i^...^m satisfying ([TU]) is at least 

for p sufficiently small. 

By Lemma [9](ii),(iii) we may multiply ([TT!) and (fT2!) to give for p suffi- 
ciently small and all B > 2p^^, 

Now choose M = C"/8 (recall that C" was an absolute constant) so that 
C" /AM = 2. Also note that since g is decreasing, 

fBq noo 

-logGf = 5^(7(zg)<g-M < g = p-'X. 

Jo Jo 

Hence for p sufficiently small, 

I{B) > /2*^P''^'/2exp[-2p-U] > exp[-2p-iA + cp-^/% 
as required. □ 
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4 Explicit bound for the modified model 



In this section we prove Theorem HI Since we always refer to the modified 
model we sometimes omit the subscript M in Im- 

Proposition 14 (nucleation centres) Consider the modified model. For 
any p < 1/10 and any B > \/2/p we have 

I{B) > exp [ - 2XM/q + I^Wv - logp'' - 3.2 
where \m = 7r^/6. 

Lemma 15 (diagonal spanning) For the modified model we have for any 
positive integer a and any p G (0, 1), 

hM)>\{2p-py . 

Proof. Note that for a > 2, the square R{a) is internally spanned pro- 
vided (1, 1) is occupied and i?(2, 2; a, a) is internally spanned, or alternatively 
provided (1, a) is occupied and R{2, 1; a, a — 1) is internally spanned. Hence 

/(a) > pl{a - 1) + (1 - p)pl{a - 1) = (2p - p^)I{a - 1). 

The result follows by induction. □ 

Denote 



K = K{v):=I\yJa{^-{^-v) 



exp 



Lemma 16 (growth) Let a < b be integers and let p G (0,1). For the 
standard or modified model, we have 

m > I{a){Fl)\ 

Proof. Let F be the event that each of the strips 

RU + 1, 1; 3 + j = a,a+ 1, . . . ,6, 

+ 1; 3,3 + 1), j = a,a + 1, . . . ,6 

is non- vacant. It is easily seen that if R{a) is internally spanned and F occurs 
then R{b) is internally spanned. Hence 

I{h) > ¥{{R{a) is i.s.} f] F) = /(a)P(F) = I{a){Flf. 

□ 
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We next note some elementary bounds. We have 

p< q <p + p^, (13) 
where the second inequality holds provided p < 1/2. The function satisfies 

(14) 





r 1 f{b-l)q 1 






exp 


-- / / 

Q J{a-l)q . 


< Fl < exp 


. 9 Jaq . 



since / is decreasing. 

Also note the inequalitites 



loge-i </(e) <loge-^ + e 



< f{.K) < e-'^ + e 



-K 



-IK 



(15) 
(16) 



where the fourth inequality holds provided K > \ (The inequalities are 
useful when e <^ 1 <^ i^T). Hence 



eloge-^ + e<^ / < eloge"^ + e + fe^ 



(17) 
(18) 



K 



where the fourth inequality holds provided K > 1/2. 



Proof of Proposition [TH Fix p < 1/10, and let A < _B be positive 
integers (later we will take A ^ ^J2Jp). 
By Lemmas [T5] and [11] we have 



J(i?)>i(2p-pY(Ff) 
so using f[T^ . ([3]) and ffTTI) . and rearranging, 

2 



log /(5) > - log 2 + A log(2p -p^)-- \ f 

> -log2 + Alog(2p _ ^(^Am - (A - l)glog[(A - l)g]-i - (A - l)g) 
2Am 



+ 2(A-l)log 



2 

6^2 



^ + 2(A-l)log^ + Alog(l-|)+logp, 
(A-1)^ g 2 
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where we have written {2p — p"^) = 2p{l — p/2). By 0131) . for p < 1/2 we 
have log{p/q) > \og[p / {p + p"^)] = — log(l + p) > —p, and log(l ~ p/2) > 
—p/2 — so we obtain 

log/(fi) > -^ + 2(A-l)log ./"(^ -2(A-l)p-A(p/2+p74)+logp. 
Now let 



to give for p < 1/10 and B > A, 

log/(5) 
2A 



> ^ + 2(v^-l)l-2v^p- (y27^+l)(p/2+pV4)+logp 

. 2Am , 2a/2 _i „ „ 

> ^ logp - 3.2. 

Q VP 

Note the non-trivial cancelation between terms in p~^/^logp~^. □ 

The following variant of Lemma [7](i) allows better control of the error 
terms. 

Lemma 17 (scanning estimate) Let b, i, m positive integers with mb < i, 
and let p G (0, 1). For the standard or modified model, we have 

m > (l - e-'^^"^) {FlFl^,f{l - {i-pY-^y. 

Proof. Consider the disjoint squares 

Sk:= R{b)+bk, A; G {0,...,m- 1}^ 

and let 

{0,...,m-l}' = {fc(l),A;(2),...,A;(m2)} 

be the lexicographic ordering of the set on the left side. For i = 1, . . . , 
define the event 

Ji = {Sk{i) is internally spanned}, 
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Figure 2: An illustration of the proof of Lemma [171 Here m = 4, and the 
first internally spanned sub-square is S'fc(7) = 5'(2,i). The arrows indicate the 
event F7. 



and let Fi be the event that each of the strips 

R{£) n [bk{t) + R{j + 1, 1; J + 1, j)], J = 6, 6 + 1, . . . 
Ri£) n [bkii) + Ril, J + 1; J, J + 1)], j = b,b + l,... 

that is non-empty is non-vacant. See Figure O Also define the event 

E = {{WnR{e)) D R{mb+l,mb+l; £,i)}. 

It is straightforward to see that for any i, if Jj and Fi occur then E occurs. 
Furthermore, for each i, the event F^ is independent of the events Ji, . . . , Jj. 



Hence we have 



F{E) > F 



U ( Jf n ■ • • n n n F,) 



i=l 



= J2^{j^n---nJf_,nJ,)F{F,) 

i=l 

> P(Ji U ■ ■ ■ U J^2) minP(Fi) 

i 

> (i^ e-m'm^ ^pi^^i _ (1 _ py-mby^ 



(19) 
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To conclude, let H be the event that each of the strips 



i = mh, ... ,2,1 
j = mfe, . . . , 2, 1 



is non- vacant. Using the Harris-FKG inequality we have /(£) > ¥[E fl H) > 
F{E)¥{H) > P(E)(F/_„J^ and combining this with ([19]) gives the resuh. □ 

Proof of Theorem [H Fix p < 10 and let B > \/2/p, and take L and 
m such that L > niB. We use Lemma [T71 to derive a lower bound for I{L). 
We obtain 



I{L) > (^l-e-'"'^(^))(F~F~^^)V^^«^-'"^l^). 
Consider the first factor above. Take 

m = exp — + - logp +1.8 . 

\ q VP ^ J 

Then Proposition implies log(m^/(i?)) > 0.4, and therefore 
Turning to the other factors in fl20l) . we have by f|T^ . 



(20) 



(21) 



(F~F, 



oo 

L-mB) 



^2-Lfi[L~mB]q) 



> 



exp 



q J{B-l)q q J(L-mB"l) 



f-Lf{[L-mh]q) 



> 1 
We now set 



B = 1 



q J{B-l)q q J(L-mB-l)q 

3 + logg"^ 



f-Lf{[L-mb]q). 



q 



and L = mB + Acq 



(22) 



for any c > 1. It is straightforward to check that for p < 1/10 we have 
(L - mB - l)q > {B - l)q > 1/2, so we may use ([I6D,([I8]) to bound the 
above terms thus: 

f- - r / < - (e-(^-i)^ + e-2(^-i)'^) < 4e-3 + 4e-^ 

q J{B-l)q q J{L-mB-l)q ? ^ ^ 
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and 

Lf{[L - mb]q) < 2Le-(^-™^)« < 2{e^/'^2q-^ + 4cq-^ + l)e-^"/'? 

since m < e^l'^ and B < 2g~^ for p < 1/10. Hence, returning to fl20|) . for the 
given choices of -B, L we have 

/(L) > (1 - e-^° ')(l - 4e'=^ - 46-^ - e-^) > 1/2. 

From (122!) we have shown that I{L,p) > 1/2 provided p < 1/10 and 

1 H — ) . (23) 

mB / 

Finally we need to find upper bounds for the terms appearing on the right 
of ([23]). By ([21]) we have 



plogm < Am v2p H — plogp"^ + 1.8p + plog ■ 



q 2 m — 1 

But for p < 1/10 we have plog(m/(m — 1)) = — plog(l — 1/m) < 2p/m < 
2pe-^/p < O.OOlp, while p/q < p/{p + p'^/2) < 1 - 0.47p, so 

plogm < Am — \/2p + -plogp"^ + l.OSp. 



phgB < p\og (2 + - + ^"^^ ] < p\og(2.Qp'^-^) = 0.96J9 + l.Splogp"^ 
\ a a / 



By ([22]) we have 

3 _^ logg-^ 
q q 

Since 4g"^ > B and m > e^/^ for p < 1/10, we have 

plog (1 + < pe-^IP < O.OOlp. 

V niB / 

Hence the right side of f[23|) is at most 

Am - -\/2p + l.Splogp"^ + 2p, 
as required. □ 
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Open Problems 



(i) Prove a complementary bound to Theorem[T] For example, do there ex- 
ist 7, c < (0, oo) such that {L,p) — > (oo, 0) with p log L < A — c(log L)~'^ 
implies / 0? 

(ii) Prove matching upper and lower bounds, e.g. involving inequalities of 
the form plogL ^ A — c(logL)'''^^, or even plogL ^ A — (c ± e)F{L). 

(iii) Extend the results to other bootstrap percolation models for which 
sharp thresholds are known to exist - currently those in ITB] . 

(iv) Identify more precisely the width of the critical window as p varies. Is 
it the case that pi-^logL —p^logL = 9(1/ log L) as L oo? 
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